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^\1 , Abstract. The purpose of this paper is to study non-trivial p-polygonal equaUties in Lp-spaces, < p < oo. 

1 These are equalities that can be expressed in the form 

^ ' V^ Hz- - zW^nn- — n 

where {zi, . . . , Zn} is a subset oi Lp{Q, fj.) and rji, . . . ,rin are non-zero real numbers such that r]\ + - ■ ■+rj„ = 0. 

In the case < p < 2 we obtain a classification of the collection of all non-trivial p-polygonal equalities 

admitted by Lp{Q, fi) according to a property that we call virtual degeneracy. This implies a classification 

. of the subsets of Lp(Q,ii) that have strict p-negative type. These classifications break down in the Hilbert 

■^r ' space case p = 2 primarily on account of the parallelogram identity. In the case p > 2 we obtain partial 

n^ ' results about the collection of all non-trivial p-polygonal equalities in Lp{Q,ii). One reason for studying 

• ^ p-polygonal equalities in Lp-spaces is that they preclude the existence of certain types of isometry. For 

i -~H , example, our techniques show that if < p < oo and (X, d) is a metric space that has g-negative type 

rrt ' for some q > p, then {X,d) is not isometric to any linear subspace W of Lp{Q,fj,) that contains a pair of 

disjointly supported non-zero vectors. Under these same hypotheses it is also the case that {X, d) is not 

isometric to any subset of Lp{Q,fj,) that has non-empty interior. These non-embedding theorems are, in 

fact, special instances of a more general principle: If [Y, p) is a metric space whose supremal p-negative type 

I ' p is finite and if {X, d) is a metric space that has q-negative type for some q > p, then {X, d) is not isometric 

►^ ' to any metric subspace of {Y, p) that admits a non-trivial pi-polygonal equality for some pi G [p, g). It is 

1^^^^ ^ notable in all of these instances that (X, d) can, for example, be any ultrametric space. 

m 
oo 
in 



1. Introduction 
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Cn I The starting point for tlris paper is the following intriguing result of Eisner et al. [4, Theorem 2.3]. 



Theorem 1.1. Let {xkY^^i '^^^ {ykYk=i ^^ ^'^'^ collections of Junctions in Li(fl,fi). Then 

^; Y. \\^ji - xj2\\i + Y. h^i - yr2\h = X^ l|2^j-2/.:lli (1-1) 

C^ , jl<J2 il<i2 j,i=l 

if and only if for almost every uj G fl, the numerical sets {a;fe(a;)}^'^]^ and {yki^)}k^i cife identical. 

It is helpful to recall that a numerical set is just a finite colleetion of possibly repeated (real or complex) 
numbers. Two numerical sets {Cfc}fc=i and {£,k}k=i are said to be identical if there exists a permutation 7r(fc) 
of (1,2,..., n) such that C7r(fe) = ^k for each k,l < k < n. 

Our interest in Theorem 1.1 is that it is closely related to the problem of characterizing the instances 
of non-trivial equality in the classical 1-negative type inequalities for Li(r2, ^). Indeed, if (for example) we 
assume in the statement of Theorem 1.1 that the functions a;i, . . . , a;„, j/i, . . . , j/„ are pairwise distinct, then 
the equality (1.1) may be rewritten in the form 

2n 

J2vM^j-z.\\i = (1.2) 

where the real numbers rji, . . . ,r]2n sum to zero with each rjk £ { — 1, 1} and Zk is an Xj or y,; depending on 
the sign of r/k- In this way we see that Theorem 1.1 provides specific instances of non-trivial equality in 



the classical 1-negative type inequalities for Li(J7,/^). In fact, as we will see, Theorem 1.1 goes to within a 
whisker of characterizing all such instances of equality. 

In this paper we study non-trivial p-polygonal equalities in Lp-spaccs, < p < oo. These are equalities 
that can be expressed in the form 



E 



W^J - ^^rpVJV^ = (1.3) 

where {zi, . . . , z„} is a subset of Lp{Q, fi) and rji, . . . ,r]n are non-zero real numbers such that r]i + - ■ ■ + r]n = 0. 
In the event that < p < 2 such equalities are of particular theoretical interest because, in this case, Lp{Q, fi) 
has p- negative type but it does not have g-negative type for any q > p. This means that in the case < p < 2, 
we may view each p-polygonal equality as being an instance of non-trivial equality in a classical p-negative 
type inequality for Lp{Q,fi), and conversely. In Theorem 3.15 we classify all such instances of equality in 
the non-trivial classical p-negative type inequalities for Lp{n,fi), < p < 2. Corollary 3.18 notes that this 
leads directly to a classification of the subsets of Lp{Vl,iJL), < p < 2, that have strict p-negative type. Our 
approach to these classifications is based on a new property of Lp-spaces that we call virtual degeneracy. 
Specialization to the case p = 1 reveals a more general form of Theorem 1.1. These classifications break 
down in the Hilbert space case p = 2 primarily on account of the parallelogram identity. In the case p > 2 we 
obtain partial results about the collection of all non-trivial p-polygonal equalities in Lp(fl, ii). One reason for 
studying p-polygonal equalities in Lp-spaces is that they preclude the existence of certain types of isomctry. 
For example, Theorem 3.23 shows that if < p < oo and if {X,d) is a metric space that has g-negative 
type for some q > p, then {X, d) is not isometric to any linear subspace W of Lp(fl, fj,) that contains a pair 
of disjointly supported non-zero vectors. Under these same hypotheses it is also the case that {X, d) is not 
isometric to any subset of Lp(D,,fi) that has non-empty interior. These non-embedding theorems are, in 
fact, special instances of a more general principle (Theorem 3.9): If {Y, p) is a metric space whose supremal 
p-negative type p is finite and if (X, d) is a metric space that has g-negative type for some q> p, then (X, d) 
is not isometric to any metric subspace of {Y, p) that admits a non-trivial pi-polygonal equality for some 
Pi € [p, q). It is notable in all of these instances that {X, d) can, for example, be any ultrametric space. 

As a basic technique used throughout the paper we do not deal directly with equalities of the form (1.3). 
We instead focus, equivalcntly, on non-trivial weighted generalized roundness equalities with exponent p. 
These are equalities that can be expressed in the form 

\ ^ ___ ___ II __ __ iiw , \ ^ __ __ ii_. im \ ^ 
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E "»i"*2lly*i -y»2llp = ^rnjn,\\xj-y,\\l. (1.4) 



31 <J2 41 <i2 j,i 

where xi, . . . ,Xs,yi, ■ . ■ ,yt G Lp{D,,p), {xj : I < j < s}n{j/i : 1 < i < t} == 0, mi,. . . ,ms > 0,ni, . . . ,nt > 0, 
and mi -I- • • • -I- rus = ni -I- • • ■ -I- nt. The transition between (1.3) and (1.4) is discussed in Remark 2.4. 

The overall organization of the paper is as follows. In Section 2 we recall the basic notions of negative type 
and generalized roundness. In Section 3 we formally introduce p-polygonal equalities and virtual degeneracy. 
This section contains all of the results mentioned in the preceding paragraphs. All results in Section 3 are 
equally valid for real or complex Lp-spaces. Section 4 completes the paper with a consideration of virtually 
degenerate linear subspaces of Lp-spaces (0 < p < oo). The importance of such linear subspaces is that they 
do not have g-negative type for any q > p. Lemma 4.4 and Theorem 4.5 provide ways to construct such 
subspaces. Throughout the paper we use N = {1, 2, 3, . . .} to denote the set of all natural numbers. Whenever 
sums are indexed over the empty set they are defined to be 0. All measures are non-trivial and positive. All 
Lp-spaces are endowed with the usual (quasi) norm and arc assumed to be at least two-dimensional. 

2. Negative type and generalized roundness 

The notions of negative type and generalized roundness recalled below in Definition 2.1 were formally 
introduced and studied by Menger [12], Schoenberg [15, 16, 17] and Enflo [5]. Menger and Schoenberg were 
interested in determining which metric spaces can be isometrically embedded into a Hilbert space. Enflo's 
interest, on the other hand, was to construct a separable metric space that admits no uniform embedding 
into any Hilbert space. More recently, there has been interest in the notion of "strict" p-negative type, 
particularly as it pertains to the geometry of finite metric spaces. In the present work we will see that strict 
p-negative type can also have a role to play in certain infinite-dimensional settings. Papers that have been 
instrumental in developing properties of metrics of strict p-negative type include [7, 8, 3, 11, 18, 14]. 



Definition 2.1. Let p > and let {X, d) be a metric space. 

(1) {X,d) has p-negative type if and only if for all finite subsets {zi,...,z„} C X (n > 2) and all 
choices of real numbers 771 , . . . , 7y„ with 771 + ■ • ■ + 77„ = 0, we have: 

n 

^ d(zj,z,)%r?. < 0. (2.1) 

(2) (X, d) has strict p-negative type if and only if it has p-ncgativc type and the inequality (2.1) is 
strict whenever the scalar n-tuplc (771, ... , ?7„) ^ (0, . . . , 0). 

(3) We say that p is a generalized roundness exponent for (X, d) if and only if for all integers n > 0, 
and all choices of points xi, . . . ,Xn,yi, ■ ■ ■ ,yn & X, we have: 

n 
jl<J2 il<i2 j,i=l 

It is important to note that if a metric space has p-negative type but not strict p-negative type for some 
p > 0, then there must be a subset {zi, . . . , z„} C X and a choice of real numbers 771, . . . , ?7„, not all 0, such 
that rji + ■ ■ ■ + r]n = and 

n 

Yd{z,,z,)Pr]jr,, = 0. (2.2) 

Clearly, if some ry^ := in this setting, then we may discard the pair (z^., ry^) from the configuration without 
disrupting the underlying equalities. In such situations, we may therefore assume that every rjk is non-zero. 
The following fundamental fact is due to Schocnbcrg [17]. 

Theorem 2.2. Let < p <2 and suppose that {^,p) is a measure space. Then Lp{n,p) has p-negative 
type but it does not have q-negative type for any q > p. 

By way of comparison, if 2 < p < 00 and Lp{D,, fi) is of dimension at least 3, then £j,(51, /i) does not have 
g-negative type for any q > 0. This follows from theorems of Dor [2], Misiewicz [13] and Koldobsky [9]. 

It is a basic but essential fact that conditions (1) and (3) in Definition 2.1 are equivalent for any given 
metric space {X,d). This is because repetitions are allowed between the x's and y's in Definition 2.1 (3). 
Indeed, more generally, we have the following theorem at our disposal. 

Theorem 2.3. Let p > and let {X,d) be a metric space. Then the following conditions are equivalent: 

(1) {X, d) has p-negative type. 

(2) For all s,t G N, all choices of pairwise distinct points xi, . . . ,Xs,yi, ■ ■ . ,yt G X and all choices of 
real numbers mi, . . . , ms, ni, . . . ,nt > such that mi + ■ ■ ■ + nig ~ ni + ■ ■ ■ -\- Ut, we have: 

Y ^3i'^32d{xj,,Xj^y + Y n^^n,,_d{y,^,yi^)P < ^ mjrijd(xj, y^^- (2-3) 

l<il<i2<s l<il<i2<t j,i='^ 

(3) p is a generalized roundness exponent for {X,d). 

Moreover, {X, d) has strict p-negative type if and only if the inequality (2.3) is strict for all choices of pairwise 
distinct points Xi, . . . ,Xs,yi, ■ ■ . ,yt & X and all choices of real numbers mi, . . . , mg, ni, . . . , rij > such that 

mi + • • • -t- TOs = rii + • • ■ + nt- 

Remark 2.4. The equivalence of (1), (2) and (3) in Theorem 2.3 is due to Lennard et al. [10, Theorem 
2.4]. The statement concerning strict p-negative type is due to Doust and Weston [3, Remark 2.5]. By 
definition, p-negative type equalities of the form (2.2) are said to be non-trivial. Such equalities correspond 
in a precise way to instances of equality in (2.3). It is helpful to recall the transition between these two types 
of equality. Suppose that we have 

n 

J2d{z„z,rr^,V, = (2.4) 

for some subset {zi, . . . , z„} C X and choice of non-zero real numbers 771, ..., 77,1 ^ such that 771 -I- • • • -|- 
r]n = 0. By relabeling zi,...,Zn (if necessary) we may choose natural numbers s,t such that s -\- 1 = n, 
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771, ?72, • • ■ , ?7s > and yy^+i, 77^+2, . . . , 77,1 < 0. Let a = 771 H h7?s = -{rjs+i H h7?„) > 0. Now set Xj = Zj 

and rrij = rjj for all j, I < j < s. Similarly, set j/i = z^+i and ri^ = —rjs^i for all 7, 1 < * < ^- By rearranging 
(2.4) according to the sign of the product rjiijj and bearing in mind the prescribed designations we obtain: 



s,t 



■mj,mj^d{xj,,Xj^y + ^ ni^n,^d{y,^,yi^Y = ^ mjn,d{xj,y,Y . (2.5) 



Moreover, 7711 + ■ • • + to^ = a = tii + • • • + 774 by construction. This process is clearly reversible. It is worth 
noting that this remark may be easily adapted to prove the equivalence of (1) and (2) in Theorem 2.3. 

In the next section. Lemma 3.8 points out that the existence of a non-trivial equality of the form (2.4) or 
(2.5) necessarily implies that the underlying metric space {X^d) cannot have (/-negative type for any q > p. 

3. Polygonal equalities and virtual degeneracy 
Definition 3.1. Let p > and let {X, d) be a metric space. 

(1) A collection of (not necessarily distinct) points xi, . . . ,Xs,yi, ■ ■ ■ ,yt points in X together with 
corresponding real numbers 77^1, . . . , nis, 77,1, ..., 77,4 > that satisfy 7T7i -!-••■ + 7T7s ^ ni + ■ ■ ■ + rit 
will be denoted by £* = [xj (mj); 7/^(77^)]^ j and will be called a weighted (s + 1) -simplex in (X, d) or, 
more simply, a simplex in X when the context is clear. 

(2) A simplex D = [xj{mj); yi{ni)]s^t in X is said to be pure if {xj ■ I < j < s} Ci {yi : 1 < i < t} = ^. 

(3) A simplex D = [xj{mj)] yi{ni)]s_t in X is said to be full if the points xi, . . . ,Xs (z X are pairwise 
distinct and the points yi, . . . , j/t £ X are pairwise distinct. 

(4) A simplex D = [xj{mj); yi{ni)]s^t in X is said to be completely refined if it is both pure and full. 

(5) A p-polygonal equality in (X, d) is an equality of the form 

^ mj^mj^_d{xj^,Xj,^Y + ^ni^ni^d{yi^,yi,^Y = ^mjnid{xj,yiY (3.1) 

jl<J2 il<i2 j,i 

where D = [xj{mj); yi{ni)]g^t is a weighted (s -t- t)-simplex in X. 

Remark 3.2. It is worth noting that reduction to a full simplex is always possible. To see this, suppose 
that D — [xj{mj); yi{ni)]s.t is a weighted (.s + t)-simplcx in a metric space {X, d) for which (3.1) holds. If, for 
example, we have xi = X2 ^ ■ ■ ■ = Xk for sonic natural number k > 1, we may form a new simplex by replacing 
the simplex pairs a;i(777i), . . . , Xk{mk) in D with the lone pair Xk{mi -f • • • -I- rrik)- This rearranges but does 
not alter the underlying p-polygonal equality in any essential way and the process is clearly reversible. By 
carrying out a series of such refinements, modulo relabeling, we obtain a full simplex D" that is equivalent to 
D in the sense that essentially the same p-polygonal equality holds for both simplices. Despite this reduction 
always being possible wc will sec that for technical reasons it is imperative to consider simplices which arc not 
full. They arise naturally. On the other hand, reduction to a pure simplex is certainly not always possible. 
Remark 3.5 indicates how this may occur. 

In order to define precisely what we mean by a non-trivial p-polygonal equality in a metric space it is 
necessary to introduce the notions of repeating numbers and degenerate simplices. 

Definition 3.3. Given a weighted (s -I- i)-simplex D = [xj {mj); yi{ni)]s.t in a metric space {X,d) we 
denote by S{D) the set of distinct points in X that appear in D. In other words, 

S{D) = {z £ X : z — Xj for some j or 2; = yt for sonic i}. 

For each z e S{D) we define the repeating numbers ni(2) and n(z) as follows: 

TLn.{z) = y iTij, and 



n(z) = E 



7^^ 

■■z=yi 



We say that the simplex D is degenerate if m{z) = n(z) for all z G S{D). 
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In relation to Definition 3.3 it is important to note that some of the sums defining m(z) or n(z), z € S{D), 
may be indexed over the empty set 0. The convention in this paper is that all such sums are equal to 0. Pure 
simplices provide a special class of non-degenerate simpliccs. In the case of a pure simplex Z? in a metric 
space {X,d) we will have min{m(z), 11(2;)} — and max{m(z), n(z)} > for all z G S{D). 

Remark 3.4. The intuitive idea of a degenerate simplex D is that each z G S{D) is equally represented 
in the two halves xi{mi), . . . ,Xs{ms) and 2/1(711), . . . ,yt{nt) of the simplex. In this case, the p-polygonal 
equality 

X! "^Ji "^J2 d{xj^ , Xj^ T + ^ n.H 7ii2 d{yi, , yi^ T ^ ^ mjnid{xj , y^f 

jl<J2 il<i2 j-i 

will hold for all p > 0. This follows simply by collecting and canceling like terms on the left and right sides. 
Eventually we obtain the equation = 0. It is for this reason that such simplices are called degenerate. 

Remark 3.5. It is important to note that reduction to a degenerate or pure simplex is always possible. 
To see this, suppose that p > and that D = [xj{mj)]yi[ni)\s^t is a weighted (s + i)-simplex in a metric 
space {X,d) for which (3.1) holds. If, for arguments sake, we have xi = yi and mi < 711, then we may 
create a refined simplex D* by discarding xi and mi from D and by replacing ni with n* = ni — mi. In the 
event that n* = we also discard yi and ni from D. Due to cancellation of like terms, the refined simplex 
D* supports essentially the same p-polygonal equality as D. By performing, modulo relabeling, all possible 
such refinements, it follows that we will either discard everything from the original simplex D (degeneracy) 
or the process will terminate with the construction of a pure simplex D** that supports essentially the same 
p-polygonal equality as D. Thus exactly one of the following two statements must hold: 

(1) D is degenerate. 

(2) D has a pure refinement D** that supports essentially the same p-polygonal equality as D. 

In the event that (2) holds, we may further apply the refinement procedure of Remark 3.2 to produce a 
completely refined simplex £)**f that supports essentially the same p-polygonal equality as D. 

We are now in a position to rigorously formulate the notion of a non-trivial p-polygonal equality. 

Definition 3.6. Let p > and let {X,d) be a metric space. A p-polygonal equality (3.1) in {X,d) is 
said to be non-trivial if the underlying simplex D is non-degenerate. 

Remark 2.4 shows that each non-trivial equality of the form (2.4) may be equivalently expressed as a 
p-polygonal equality of the form (3.1) with the additional property that the underlying simplex is completely 
refined (and hence non-degenerate), and conversely. On the other hand, given a non-degenerate simplex D 
for which (3.1) holds. Remark 3.5 shows that D has a complete refinement D**!* that supports essentially 
the same p-polygonal equality. It is therefore the case that each non-trivial equality of the form (2.4) gives 
rise to a non-trivial p-polygonal equality, and conversely. These comments imply the following useful lemma. 

Lemma 3.7. Let p > and let {X,d) be a metric space that has p-negative type. Then {X,d) has strict 
p-negative type if and only if it admits no non-trivial p-polygonal equality. 

As a consequence of existing theory and Lemma 3.7 we obtain the following crucial result. 

Lemma 3.8. Let p > 0. If a metric space {X,d) admits a non-trivial p-polygonal equality, then: 

(1) (X, d) does not have q-negative type for any q > p, and 

(2) (X, d) does not have strict p-negative type. 

Proof. Suppose (X, d) admits a non-trivial p-polygonal equality for some p > 0. If we assume that 
{X, d) has g-negative type for some q > p, then it must have strict p-negative type by Theorem 5.4 in Li and 
Weston [11]. However, this would contradict Lemma 3.7. D 

Lemma 3.8 implies the following natural isometric embedding principle. 

Theorem 3.9. Let (Y, p) be a metric space whose supremal p-negative type p is finite. Let {X, d) be a 
metric space that has q-negative type for some q > p. Then: (A", d) is not isometric to any metric subspace 
of {Y, p) that admits a non-trivial pi-polygonal equality for some pi such that p < Pi < q. 



Proof. Let Z C y. Suppose that {Z, p) admits a non-trivial pi-polygonal equality for some pi £ [p, q). 
By Lemma 3.8, the supremal p-negative type of {Z,p) cannot exceed pi. On the other hand, the suprcmal 
p- negative type of {X, d) is at least q. As q > pi, we conclude that {X, d) is not isometric to {Z, p). D 

In relation to Theorem 3.9 it is worth noting that the supremal p-negative type of a metric space {Y, p) 
is infinite if and only if (F, p) is ultrametric. This theorem is due to Faver et al. [6, Theorem 5.2]. 

In order to apply Theorem 3.9 we now turn our attention to the study of p-polygonal equalities in 
ip-spaces, < p < oo. Our starting point is the following consequence of Lemma 3.7. 

Lemma 3.10. Let {X,d) be a metric space whose supremal p-negative type p is non-zero and suppose 
that < pi < p. Then {X,d) admits no non-trivial pi-polygonal equalities. 

Proof. {X, d) has strict pi-negativc type Li and Weston [11, Theorem 5.4]. Now apply Lemma 3.7. D 

Theorem 3.11. Let {X,d) be a metric space whose supremal p-negative type p is non-zero and suppose 
that < pi < p. Given a weighted (s + t)-simplex D = [xj{mj)\yi{ni)\s^t in X, we have the pi-polygonal 
equality 

'^ mj^mj^_d{xj^,Xj,^Y^ + ^ ni^ni^d{yi^,yi,^Y^ = '^m,jnid{xj,yif^ (3.2) 

jl<J2 J1<J2 j,i 

if and only if the simplex D is degenerate. 

Proof. (=>) Suppose < pi < p. If the equality (3.2) holds it must be trivial by Lemma 3.10. In other 
words, D must be degenerate. 

{<=) Trivial by Remark 3.4. D 

For example, the complex plane endowed with the usual metric has supremal p-negative type p = 2. 
This leads to the following special case of Theorem 3.11 that will be used in the proof of Theorem 3.15. 

Corollary 3.12. Let < p < 2. Given a weighted (s-\-t) -simplex D = [xjiruj); yi{ni)]s_t in the complex 
plane endowed with the usual metric, we have the p-polygonal equality 

XI '^Ji"^i2 kii - a;j2 r + X! '^*i'^'2 ly^i - 2/*2 r = X! ™j"»|2;j - Vif 

ji<J2 n<J2 j,i 

if and only if the simplex D is degenerate. 

It is important to note that the reverse implication in the statement of Theorem 3.11 holds for all pi > 0. 

Definition 3.13. Let < p < oo and suppose that {fl, p) is a measure space. A non-degenerate weighted 
(s -|- t)-simplex D = [xj{mj)]yi{nj)]gt in Lp{VL,p) is said to be virtually degenerate if the family of weighted 
(s + t)-simplices D{uj) = [xj{io){Tnj);yi{uj){ni)]s^t, ^ ^ ^, are degenerate in the scalar field oi Lp(D,, p) p-a.e. 

In the case of £p' as well as ip the condition that defines virtual degeneracy will hold everywhere. There 
are more technical settings where this may occur but we will not discuss them in this paper. The importance 
of virtually degenerate simplices is that they give rise to non-trivial p-polygonal equalities in Lp{fl, p). 

Lemma 3.14. Let < p < oo and suppose that (il, /i) is a measure space. If D = [xj{mj); yi{ni)]s^t is 
a virtually degenerate simplex in Lp{VL,p), then we have the non-trivial p-polygonal equality 

X mj^mj^ \\xj^ - Xj^ \\l + X n,,n,2 \\y,^ - y^^ \\l = ^ rujUiWxj - yj^. 

jl<J2 il<i2 j,i 

Proof. If we assume that D ~ [xj{mj);yi{ni)]sj is a virtually degenerate simplex in Lp(ri,p) then, by 
definition, we have 

jl<J2 il<i2 j,i 

for almost all w £ i7. Integrating over il with respect to p gives the desired conclusion. D 
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Theorem 3.15. Let < p < 2 and suppose that (f2,^) is a measure space. Given a non- degenerate 
weighted (s + t)-simplex D = [xj{mj); yi{ni)]s,t in LpiU,, jj), we have the p-polygonal equality 

^ mj^mj^\\xj^~Xj^\\l+^n,^n,^\\y,^~y,^\\l ^ ^mjn,\\xj - y^\\l (3.3) 

if and only if the simplex is virtually degenerate. 

Proof. (=>) It suffices to assume that the scalar field of Lp{n,fi) is the complex plane C Let D = 
[xj{mj); yi{ni)]s,t be a given non-degenerate weighted (s + i)-simplex in Lp{Q, fj.) for which the equality (3.3) 
holds. Then D{(jj) = [xj{ui){mj);yi(uj){ni)]s^t is a weighted (s + i)-simplex in the complex plane for each 
w G f2. Moreover, as the complex plane endowed with the usual metric has p-negative type, we obtain 

^ mj^mjjxj,{uj) ~ Xj^{uj)\'' + ^ n,^n,Jy,^{uj) - y,.,{uj)\'' < ^nijn.lxjiuj) - y,{uj)\P (3.4) 

ji<J2 ii<i2 jS 

for each w £ fi. The inequalities (3.4) cannot be strict on any set of positive measure as this would imply 

^ mj^rUj^Wxj^ ~Xj.,\\l+ ^ n,^n,.,\\y,^ - Ui.ll < "^rnjUiUxj - y,\\P, 

jl<J2 il<i2 j,i 

thereby violating (3.3). So the inequalities (3.4) must hold at equality /i-a.e. on il. Therefore the family 
of weighted (s + t)-simplices D{u!) — [xj{u){mj)] yi{io){ni)]s_t^ a; G fi, are degenerate in the complex plane 
fi-a.e. by the forward implication of Corollary 3.12. In other words, the simplex D is virtually degenerate. 
(<^) This follows immediately from Lemma 3.14. D 

It is surprising to note that the forward implication of Theorem 3.15 does not hold for p = 2: Every 
parallelogram in a Hilbert space gives rise to a non-trivial 2-polygonal equality due to the parallelogram 
identity but not all parallelograms are virtually degenerate. 

The following lemma deals with the special case that arises when a degenerate simplex I? in a metric 
space {X, d) has weight 1 on each vertex. This case is of interest because it leads to a more general form of 
Theorem 1.1 (Eisner et al. [4, Theorem 2.3]) as a corollary of Theorem 3.15. 

Lemma 3.16. Let n > I be an integer. A weighted (n 4- n)-simplex of the form D = [xj{l); yi(l)]n,n i'^ 
a metric space {X,d) is degenerate if and only if there exists a permutation 7r(fc) of (1,2, . . . , n) such that 
x^vik) = yk for each k,l <k <n. 

Proof. (=>) Suppose that the simplex D = [xj{l);yi{l)]n.n in X is degenerate. Let S{D) denote the 
set of distinct points in X that appear in D. Say, S{D) = {zi, . . . , zi}. Because each vertex Xj or yi in D has 
weight 1 we see that 111(2:^) = \{j '■ Xj — Zk}\ and n(zfc) ~ \{i : yi = Zk}\ for each fc, 1 < fc < /. For notational 
simplicity, we set m^ = m(zfc) and n^ = n(zfc) for each k,l < k < I. The assumption on D is that mk = n^ 
for each k,l < k < I. By additionally setting ttiq = no = 0, we may choose permutations (j){k) and <j{k) of 

(1,2,..., n) so that Zk = a;0(moH hmk-l-l-l) = • • • = X^(^„i^^ ^ruk) = y<y{no-\ |-n&-i-|-l) = • ' • = J/<T(noH hrifc) 

for each k,l < k < I. (Points from each half of the simplex that are equal are now arranged in blocks of 
equal length.) It follows from our construction that X0(fc) = 2/cr(fc) for each fc, 1 < fc < n. All that remains is 
to define the permutation tt = 4>a~^. We then have XTr(k) = J/fc for each fc, 1 < fc < n, as asserted. 

(<^) Suppose there is a permutation 7r(fc) of (1,2,..., n) such that XTr(k) = 2/fc for each k,l < k < n. Let 
z e S{D) be given. Once again it is the case that m(z) = \{j : Xj = z}\ and n(z) = \{i : y^ = z}\. Because 
of the assumption on D we see that if z = j/^, then z = Xj where j = 7r(i). Hence n(z) < m(z). However, it 
is also the case that Xk = y7r-i(fc) for each k,l < k < n. So, by the analogous argument, m(z) < n(z) too. 
In a nutshell, m(z) = n(z). We conclude that D is degenerate. D 

Corollary 3.17. Let < p < 2 and suppose that (D,, fi) is a measure space. Let xi, . . . , a;„, yi, . . . , j/„ 
be given functions in Lp{D,,fi) such that the weighted (n + n) -simplex D ~ [xj(l); yi(l)]„.„ is non-degenerate. 
Then we have the p-polygonal equality 

n 

XI II^Ji ~^J2llp+ XI ll^'i "y^^llp = X II^J' ~2/«llp (3.5) 

jl<J2 4l<42 j,i=l 

if and only if for almost every tu ^ fl, the numerical sets {xk{tu)}'^^^ and {yk{^)}k=i o.re identical. 
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Proof. By Theorem 3.15, the equahty (3.5) holds if and only if the simplex D = [xj{l)]yi{l)\n,n is 
virtually degenerate. Now let w G fi be given. By Lemma 3.16, the simplex D{oj) = [xj{uj){l);yi{ijj){l)\n,n 
is degenerate if and only if there exists a permutation 7r(aj, k) of (1,2,..., n) such that a;^(^ j,) {uj) = yk{^) 
for each k,l < k < n. In other words, the simplex D{uj) = [xj{uj){l);yi{uj){l)]n,n is degenerate if and only 
if the numerical sets {xkii-^)}^^i ''^^'^ {yfc('^)}fc=i ^^^ identical. The corollary is now evident. D 

By specializing Corollary 3.17 to the case p = I we obtain Theorem 1.1 (Eisner et al. [4, Theorem 2.3]). 
Lemma 3.14 and Theorem 3.15 have a number of other interesting corollaries. The first is a classification 
of the subsets of Lp-spaces (0 < p < 2) that have strict p-negative type in terms of virtual degeneracy. 

Corollary 3.18. Let < p < 2 and suppose that (fi,/u) is a measure space. A non-empty subset of 
Lp{Q,fjL) has strict p-negative type if and only if it does not admit any virtually degenerate simplices. 

Proof. This is an immediate consequence of Lemma 3.7 and Theorem 3.15. D 

The proof of the following lemma indicates that virtually degenerate simplices arc easily constructed in 
Lp-spaces. We will see that this has a number of important ramifications. 

Lemma 3.19. Let < p < oo and suppose that (fi, /i) is a measure space. 

(1) Any linear subspace of Lp{VL, fi) that contains a pair of disjointly supported non-zero vectors admits 
a virtually degenerate simplex. 

(2) Every open ball in Lp{D,,fi) admits a virtually degenerate simplex. 

Proof. Suppose that < p < cxd. Consider two disjointly supported non-zero vectors u,v £ Lp(D,,fi). 
Set xi = 0,X2 = u + v,yi = u and y2 = v. Then it is easy to check that D = [xi(l),a;2(l);yi(l), j/2(l)]2,2 
is a virtually degenerate simplex in Lp(fl,fi). Any linear subspace of Lp(fl,fx) that contains u and v also 
contains D. This establishes (1). On the other hand, every open ball in Lp(fl,fi) contains a translate of a 
dilation or contraction of the virtually degenerate simplex D. These operations preserve virtual degeneracy. 
Hence every open ball in Lp{Vt^ p.) contains a virtually degenerate simplex. This establishes (2). D 

Remark 3.20. The condition on the vectors appearing in the statement of Lemma 3.19 is well understood 
when p > 1. Indeed, it is germane to recall the following basic fact about Lp-spaces, p ^ 2. Let 1 < p < 2 
or 2 < p < CXD. Then, vectors u,v £ Lp{D,, fi) are disjointly supported if and only if 

\\u + vrp+\\u-v\\; = 2{\\urp+\\v\\'^. (3.6) 

Note that (3.6) is the p-polygonal equality that arises from the simplex D in the proof of Lemma 3.19. 

The following definition is motivated by Lemma 3.19 (1). 

Definition 3.21. Let < p < oo and suppose that (ri,/i) is a measure space. A linear subspace W of 
Lp[Q,fi) is said to have Property E if there exists a pair of disjointly supported non-zero vectors u,v & W. 

Linear subspaces of Lp-spaces that have Property E cannot have strict p-negative type. 

Corollary 3.22. Let < p < cxd and suppose that (17, pL) is a measure space. 

(1) No linear subspace of Lp{fl, fi) with Property E has strict p-negative type. 

(2) No non-empty open subset of Lp(Cl, fi) has strict p-negative type. 

Proof. This follows from Lemmas 3.8, 3.14 and 3.19. D 

The next observation provides a general isometric embedding principle for Lp-spaces (0 < p < cxd). 

Theorem 3.23. Let < p < oo suppose that (fi, p) is a measure space. Let {X, d) be a metric space 
that has q-negative type for some q > p. Then {X,d) is not isometric to any metric subspace of Lp(ri, fi) 
that admits a virtually degenerate simplex. In particular, 

(1) {X,d) is not isometric to any linear subspace W of Lp(D,, fi) that has Property E, and 

(2) {X,d) is not isometric to any metric subspace of Lp{D,, fi) that has non-empty interior. 

Proof. The main statement follows from Lemma 3.7, Corollary 3.18 and Lemma 3.19. Indeed, if 
< p < 2, we may apply Theorem 3.9 to (Y, p) — Lp{fl, fi) with pi = p = p. And, if 2 < p < oo, we may 
apply Theorem 3.9 to {Y, p) — Lp{D,^p) with p — Q (or p G [1,2] if Lp{i^,p) is 2-dimensional) and pi = p. 
The particular statements (1) and (2) then follow from Corollary 3.22. D 



Remark 3.24. There are always metric spaces that satisfy the hypotheses of Theorem 3.23 no matter 
what the value of p e (0,oo). Ultrametric spaces, for instance, have g-negative type for all q > 0. In fact, 
by Faver et al. [6, Theorem 5.2], a metric space {X,d) has g- negative type for all g > if and only if it is 
ultrametric. 

The following special case of Theorem 3.23 is worth pointing out. 

Corollary 3.25. Let < p < q < 2. Suppose that (f2i,//i) and (fl2,fji2) are measure spaces. Then, no 
metric subspace of Lq{fl2, ^-2) is isometric to any metric subspace of Lp{fli, ni) that that admits a virtually 
degenerate simplex. In particular: 

(1) No subset of Lq{D,2, fJ-2) is isometric to any linear subspace W o/ip(ili, /ii) that has Property E. 

(2) No subset of Lq{n2, fJ-2) is isometric to any subset of Lp{D,i, fii) that has non-empty interior. 

Proof. Let p,q,{ni, ^i) and (5l2,/i2) be given as in the statement of the corollary. All non-empty 
subsets of Lq{^2,f^2) have q-negative type by Theorem 2.2. Now apply Theorem 3.23. D 

The purpose of the next section is to take a closer look at linear subspaces of Lp-spaces that admit 
virtually degenerate simplices. 

4. Virtually degenerate subspaces of Lp-spaces 

Determining exactly which linear subspaces of Lp(Cl, fi) admit a virtually degenerate simplex is a moot 
question. For clarity of exposition it is helpful to make the following definition. 

Definition 4.1. Let < p < 00 and let (r2,/i) be a measure space. A linear subspace W of Lp{n, fi) 
will be called virtually degenerate if it admits a virtually degenerate simplex. 

Remark 4.2. Notice that if M^ is a virtually degenerate linear subspace of Lp{il, /i), then: 

(1) W does not have q- negative type for any q > p, and 

(2) W does not have strict p-negative type. 
Moreover, provided < p < 2, it is the case that 

(3) W does have p-negative type. 

Of course, no nornicd linear space has (strict) q-negative type for any q > 2. This is because normed 
linear spaces are mid-point convex. So points (1), (2) and (3) are really only of interest when < p < 2. 

It is necessarily the case that some ip-spaces contain linear subspaces that are not virtually degenerate. 
This is evident from the following celebrated theorem of BretagnoUe, Dacunha-Castelle and Krivine [1]. 

Theorem 4.3. Let < p < 2 and let X be a real quasi-normed space. Then X is linearly isometric to 
a subspace of some Lp-space if and only if X has p-negative type. 

For instance, ii < p < q < 2, then Lq[0, 1] is linearly isometric to a subspace W of Lp[0, 1]. As VF has 
g-negative type, we see that it cannot be a virtually degenerate linear subspace of Lp[0, 1] by Remark 4.2. 

Lemma 3.19 shows that every linear subspace of Lp{D,, fi) with Property E must be virtually degenerate. 
However, Property E is rather special and it is by no means necessary for virtual degeneracy. Lemma 4.4 
provides one means for constructing virtually degenerate linear subspaces of LpiVl, jjl) that do not necessarily 
have Property E. We preface this lemma with some notational preliminaries. 

Let < p < 00 suppose that {^,^) is a measure space. Suppose u, u G Lp(fl,fi). Let supp(z;) C fl 
denote the support of the vector v. In other words, supp(w) ~ {uj G ft : v{uj) ^ 0}. If we define 

I u{uj) when a; G supp(u) 
I otherwise, 

then u[v] restricts u to the support of v. Put differently, u[v] = u ■ Xsupp(d)- 

Lemma 4.4. Let < p < 00 suppose that (ri,/i) is a measure space. Let W be a linear subspace of 
Lp{D,,fi) that contains linearly independent vectors u and v such that: 

(1) supp(u) n supp[v) has positive measure, and 

(2) u[v] and v[u] are linearly dependent. 
Then W is virtually degenerate. 



Proof. We may choose a non-zero scalar a such that au[v] — v[u\ = 0. Let xi = au — v, X2 = —au, 
X3 = V, yi = V — au, 2/2 = o:u and 2/3 = —v- The condition that u and v be hnearly independent guarantees 
that Xj ^ 2/i for j, i G {1, 2, 3}, so the simplex wc construct will be pure. It can be readily checked that: 

(a) xi{uj) = 2/2(1^), X2iuj) = 2/1 (w) and xsiuj) = ysiuj) for uj e supp(w)\supp(w), 

(b) xi(w) = yi{uj), X2{(^) = 2/3(w) and X3{uj) = y2(w) for lu g supp(u) n supp('i;), and 

(c) xi{uj) = 2/3(1^), X2{<jS) = 2/2(w) and X3(ilj) = 2/1 (w) for w g supp(w)\supp(u). 

This demonstrates that the simplex D = [xj(l); 2/,;(l)]3.3 in W is virtually degenerate. D 

For an example of a linear subspace without Property E which admits a virtually degenerate simplex as 
per Lemma 4.4, consider the subspace W = ((1, 1,0), (0, 1, 1)) of £p ' and set u = (1, 1,0) and v ~ (0, 1, 1). 
The proof of the next theorem shows that Lemma 4.4 can be applied in infinite-dimensional settings. 

Theorem 4.5. If < p < cxd, then ip has a virtually degenerate linear subspace W without Property E. 

Proof. Let < p < 00. We construct an infinite-dimensional linear subspace W of Ip that does not 
have Property E but which satisfies the hypotheses of Lemma 4.4. The construction proceeds in the following 
manner. Let pn denote the nth prime number and define a vector x„ = (x„(Z)) g €p by setting: 

X il) = I 2"' ^^^"1^' 
"^^ ' \ Q otherwise. 

Notice that ^^^[xi] = a::i[a;j] for all j, i by construction. Now let W denote the linear subspace of (.p spanned 
by the set S — {a;„ : n > 1}. As a;„ is the only vector in S whose p„th coordinate is non-zero we see that S 
is linearly independent and hence W is infinite-dimensional. Consider two non-zero vectors x,y G W. Say, 

X = ^ ajXj and 2/ = ^ l^kXk € W, 

jGJ keK 

where a^, /3fc 7^ for all j E J,k E K. We claim that x and y do not have disjoint support. Indeed, if 
there exists an i g J n ii', then both x and y are non-zero in the p^th coordinate. On the other hand, if 
j G J, k € K and J fl if = 0, then x{pjPk) = aj2~PiP'' and y{pjPk) = h'^~^^^'' are both non-zero. Thus the 
infinite-dimensional linear subspace W C ip docs not have Property E. However, as we have noted that any 
two basis vectors Xi,Xj of W satisfy the conditions of Lemma 4.4, we see that W is virtually degenerate. 
Note also that W has the stronger property that any finite set of vectors in W have intersecting support. D 

Remark 4.6. It is worth noting that the preceding construction may be tweaked so that the resulting 
infinite-dimensional linear subspace W C £p does not satisfy Property E or the condition in Lemma 4.4. As 
before we let p„ denote the nth prime number but this time we define Xn = {xn{l)) g ip as follows: 

"^^ ~ 1 otherwise. 

Now let W denote the linear subspace of ip spanned by the set S = {x„ : n > 1}. As a;„ is the 
only vector in S whose p„th coordinate is non-zero we sec that S is linearly independent and hence W is 
infinite-dimensional. Consider two linearly independent vectors x,y E W. Say, 

X = y^ ctjXj and y ~ N^ (3kXk g W, 
jeJ keK 

where aj,Pk ¥^ for all j G J, k G K. (If j ^ J, then we may set Uj — 0, and so on.) We claim that x 
and y have intersecting support, and that x[y] and y[x] are linearly independent. Indeed, if x and y share 
the same basis vectors then we need only consider the coordinates L = {pj \j g J}. These coordinates lie 
in the support of x and y, and if x and y were linearly dependent on L we would have aj = cj3j for some 
non-zero constant c and all j g J, and this would imply that x and y are linearly dependent. If x and y do 
not share the same basis vectors, then we may assume without loss of generality that J\K ^ 0. If j g J\K 
and k G K, then x is zero at at most one coordinate among pjPk, (PjPkY , {PjPk)^, • ■ • by the uniqueness of 
any solution to ajpj + aup^ = with respect to I. Moreover, y is non-zero on all of these coordinates. 
The vectors x and y are linearly independent when restricted to any two of these coordinates on which x is 
non-zero (by the uniqueness of any solution to Oijp~ + cp^ = with respect to ^), thereby showing that 
x[y] and y[x] are linearly independent. It follows that W does not satisfy the hypotheses of Lemma 4.4. 
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